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Abstract
We study the finite groups in which every irreducible rational valued character is linear, and those in
which every rational element is central.
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1. Introduction
D. Chillag and A. Mann studied in [1] the finite groups G in which every real irreducible
character is linear, and those in which every real element is central. In both cases, they proved
that G = P × H , where P ∈ Syl2(G). (This led them to study the interesting class of 2-groups
satisfying those properties.) Our aim in this paper is to replace “real” by “rational.” With this
more general (and subtle) hypothesis, the groups under study need not to have a normal Sylow
2-subgroup anymore, as can be easily seen.
We adopt the following convenient notation: we denote by IrrQ(G) the set of rational valued
irreducible characters of G, and by GQ the set of rational elements of G.
Theorem A. Let G be a finite group. If all IrrQ(G) are linear, then G has a normal 2-complement.
In particular, if P ∈ Syl2(G), then all IrrQ(P ) are linear.
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terization of the groups in which all IrrQ(G) are linear appears in Theorem (2.3) below.
Theorem B. Let G be a finite group. If all rational 2-elements of G are central in G, then G has
a normal 2-complement.
Our proof of Theorem B requires ordinary character theory, but not the Classification. A group
satisfying the hypothesis of Theorem B has all its involutions in its center but of course this
condition does not guarantee that the group has a normal 2-complement. (As is well known, this
is the case if it is further assumed that all the elements with x4 = 1 are central.)
2. Proofs
We start with the proof of Theorem B. Recall that x ∈ G is rational (in G) if whenever 〈x〉 =
〈xk〉, then x and xk are G-conjugate. This happens if and only if χ(x) ∈ Q for all χ ∈ Irr(G).
Next is the key result toward Theorem B.
(2.1) Theorem. Suppose that a group of odd order H acts as automorphisms on a 2-group G. If
H centralizes all the rational elements of G, then [H,G] = 1.
Proof. We argue by induction on |G|. If K  G is H -invariant, and k ∈ K is rational in K ,
then k is rational in G and [H,k] = 1. By induction, we have that [K,H ] = 1. Thus C = CG(H)
contains every proper H -invariant normal subgroup of G. In particular, by coprime action, we
deduce that G = [G,H ]. Now, [H,G′,G] = 1 and [G′,G,H ] = 1, thus [G,H,G′] = 1, and
G′ ⊆ Z(G) = Z. By Fitting’s lemma, we know that C ⊆ G′, and therefore C = G′ = Φ(G). We
conclude that Z = G′ = Φ(G).
Now, we claim that every χ ∈ Irr(G) non-linear has degree |G : C|1/2. Let 1 	= λ ∈ Irr(Z).
Now, G/Z is a chief factor of the semidirect product group GH and by the going down up
theorem (Theorem (6.18) of [3]), we deduce that λ is fully ramified in G. Hence, by Lemma (5.4)
of [2] we conclude that Z is elementary abelian. Therefore we easily conclude that all characters
of G are rational. Therefore all conjugacy classes of G are rational, and H centralizes G. 
This is Theorem B in the introduction.
(2.2) Theorem. Suppose that every rational 2-element of G is central. Then G has a normal
2-complement.
Proof. By hypothesis, the rational elements of G are exactly the central involutions of G.
We prove the theorem by induction on |G|. If h ∈ H < G is a rational 2-element of H , then h
is rational in G, and central in G, so it is central of H . Therefore H has a normal 2-complement.
In particular, O2(G) = G.
Suppose that 1 < N  G is of odd order. If Nx is a rational 2-element of G/N , then by
Lemma (5.1.d) of [4], there exists y ∈ G rational such that Nx = Ny. Thus Ny is central in
G/N , and G/N has a normal 2-complement by induction. So G has a normal 2-complement.
Therefore, we may assume that O2′(G) = 1.
Let N be a maximal normal subgroup of G. By the second and the third paragraphs, we
have that N is a 2-group. In particular, we have that N = O2(G) is the unique maximal normal
subgroup of G. Now, if N < H < G, then H has a normal 2-complement, and therefore H/N has
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Hence, G/N has odd order. Let Q be a 2-complement of G, so that NQ = G and N ∩ Q = 1.
Now, if z ∈ N is rational in N , then it is rational in G, so Q centralizes z. By Theorem (2.1), we
have that [Q,N ] = 1 and Q  G. 
Next is the characterization of groups in which all rational characters are linear, which in-
cludes Theorem A in the introduction.
(2.3) Theorem. Let G be a finite group and let P ∈ Syl2(G). Then IrrQ(G) are linear if and only
if G has a normal 2-complement, every rational element of G is a 2-element and all IrrQ(P ) are
linear.
Proof. Suppose that all IrrQ(G) are linear. We prove first that G has a normal 2-complement by
induction on |G|. If 1 < N  G, then all IrrQ(G/N) are linear, and therefore G/N has a normal
2-complement. We may assume therefore that N = O22′(G) is the unique minimal normal sub-
group of G. Hence, we also may assume that O2′(G) = 1. Write K = O2(G). Let θ ∈ Irr(N) be
rational of odd degree. Since K/N has odd order, by Corollary (2.2) of [4] there exists a rational
δ ∈ Irr(K|θ), which necessarily has odd degree (because |K/N | is odd). Now, since δ is real, we
have that the determinantal order o(δ) of δ divides 2. Since O2(K) = K , it follows that o(δ) = 1.
Now, by Corollary (2.4) of [4], there exists a rational χ ∈ Irr(G|δ). By hypothesis, χ is linear
and therefore, θ is linear and extends to K .
If N is non-solvable, then N has a non-trivial irreducible rational character of odd degree,
by Theorem (9.6) of [4]. By the previous paragraph, θ is linear. This is impossible, since N is
perfect. Hence we have that N is solvable. In this case, N is a 2-group and every θ ∈ Irr(N) is K-
invariant. If Q is a 2-complement of K , we have that [Q,N] = 1, and Q  G. This is impossible
since O2′(G) = 1. This proves that G has a normal 2-complement M . In particular, the assertion
about IrrQ(P ) is clear, since G/M ∼= P .
Now we show that every rational element of G is a 2-element. Again, we use induction on |G|.
We may assume that G is not a 2-group, and therefore M > 1. Now let 1 	= x ∈ G be a rational
element of G. Since x2′ is rational by Lemma (5.1.d) of [4] it is no loss to assume that x has
odd order. Hence x ∈ M . If N is a minimal normal subgroup of G inside M , then xN is rational,
and we conclude that x ∈ N by induction. Since M is solvable, we have that N is an elemen-
tary abelian p-group for some odd prime p. Let k mod p be a generator of the multiplicative
group of the field Zp , and let g ∈ G be such that xk = xg . Let σ ∈ Gal(Q|G|/Q) be the Galois
automorphism of order p − 1, fixing p′-roots of unity and such that σ(ξ) = ξk for p-roots of
unity ξ . By Lemma (6.1) of [4], there exists 1 	= θ ∈ Irr(N) such that θσ = θg . Now, G/N is
solvable and has no rational elements of order p, and by Corollary (6.3) of [4], we conclude that
there exists χ ∈ IrrQ(G) over θ . Then χ(1) = 1 and therefore θ = θg = θσ and we conclude that
θ = 1, a contradiction.
Now, we assume that G has a normal 2-complement M , that GQ are 2-elements and that
all IrrQ(P ) are linear. We prove that all IrrQ(G) are linear by induction on |G|. If M = 1, then
G = P and we are done. So we may assume that M > 1. Let L be a minimal normal subgroup
of G with L ⊆ M . Then L is an elementary abelian p-group for an odd prime p. We claim
that all rational elements of G/L are 2-elements. Suppose that xL is a rational element of G/L
that is not a 2-element. By Lemma (5.1.d) of [4], it follows that G/L has a rational element of
order an odd prime q . Then by Lemma (5.2) of [4], we have that G has a rational element z of
order q , a contradiction. Thus, every rational element of G/L is a 2-element and by induction
every rational irreducible character of G/L is linear.
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field Zp , and σ ∈ Gal(Q|G|/Q) be the Galois automorphism of order p − 1, fixing p′-roots of
unity and such that σ(ξ) = ξk for p-roots of unity ξ . We have that χσ = χ . Now, if λ ∈ Irr(L) is
an irreducible constituent of χL, it follows that λσ = λg for some g ∈ G. Suppose that λ 	= 1L.
By Lemma (6.1) of [4], there exists 1 	= x ∈ L such that xk = xg . Then x is rational, and this is
a contradiction. Hence λ = 1L, χ ∈ IrrQ(G/L), and therefore χ(1) = 1. 
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